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Energy levels, eigenfunctions, and magnetic moments of rare-earth ions in a crystal field of hexagonal symmetry
have been obtained using a Hamiltonian of the form # = B,°0,° + B,%(O,® + 52 0,%). Results have been
presented for all J values appearing in the rare-earth series and have been tabulated in a form convenient for use
in analyzing the influence of the crystal field on the bulk thermal and magnetic properties of compounds containing
the rare earths. Since experiment shows that B¢”/B¢® may deviate from 8/77, a few calculations were made with
this ratio deviating by 10 and 20 % (from 8/77). These calculations showed the results to be relatively insensitive

to changes in B¢%/B®.

I. Introduction

For many years it has been apparent (/-7) that the
macroscopic thermal and magnetic properties of
systems containing rare earths are significantly
influenced by the interaction between the rare-earth
ion and the ions in its environment. Information has
become available (8)! for assessing these effects for
crystals having cubic symmetry but not for hexag-
onal crystals. The objectives in this study and in this
manuscript are (1) to provide for hexagonal
crystals information needed to assess the influence of
the crystal field interaction on their heat capacity
and susceptibility behavior, and (2) to present the
results of the calculation in a form convenient for
use by experimentalists. For simplicity the treatment
is limited to hexagonal crystals having an ideal
axial ratio.

When a free rare-earth ion is placed in a crystal,
its 2J + 1 fold degeneracy is partially lifted through
electrostatic interaction between its f~electrons and
the charges on the surrounding ions. The multiplet
is split into a number of states, which can appropri-
ately be termed the crystal field (CF) states. The
assemblage of rare-earth ions in the crystal is, of

* This work was assisted by the U.S. Atomic Energy
Commission and the Army Research Office, Durham,
North Carolina.

! Our parameters x and W are not identical to that of this
reference. Here the B,™ or x and W are expressed in a co-
ordinate system in which the z axis is along the cubic [100]
direction. In the present paper z is along the hexagonal ¢ axis
corresponding to the cubic [111] direction.

course, distributed over the CF states, the distribu-
tion at a given temperature and the temperature
variation of the population of a given state both
being governed by the Boltzmann expression. The
variations in population of the various CF states
which occur as a result of a change in temperature
significantly affects a number of macroscopic
properties of rare earth systems—their conductivi-
ties, thermal properties, and bulk magnetic charac-
teristics. For example, if, as temperature is reduced,
ions settle into states of low or vanishing moment,
electrical conductivity substantially improves due
to the suppression of spin-disorder scattering
effects.

The influence of the crystal field on the tempera-
ture dependence of susceptibility (x) was discussed
by Penney and Schlapp (2) many years ago. x may
be computed from the fundamental Van Vleck
equation

X = (No/H) Z pexp (—E/KT)[2 exp (—E/KT), (1)

where N, =the Avogadro number, H represents
field strength, and u; and E; refer to the magnetic
moment and energy, respectively, of the /~th crystal
field level. Penney and Schlapp pointed out that for
temperatures such that k7> E;, Eq. (1) leads to a
reciprocal susceptibility which is linearly dependent
on T (Curie-Weiss behavior), whereas at lower
temperatures such that this condition is no longer
fulfilled significant deviations from linear behavior
can occur. The effect of shifting populations in the
various CF states is evident not only in the x vs T’
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behavior of rare-earth systems but also in their heat
capacities. At very low temperatures ions occupy
the lowest CF state(s). With increasing temperature

nraducing

excita tion within the
, proaucing

excliauen witnin ing

a significant contribution to the total heat capacity.
This contribution (C,) is given by the expression

RT?d*In Q/dT?
> exp(—E,/kT).
i ) AN 1 7/
Numerous studies of the susceptibility and heat

capacity behavior of metallic rare-earth systems
have been made in the last decade (I-5). Many of

these have clearly revealed the crystal field effects

just alluded to, the qualitative features being evident
from the most superficial scrutiny. However, to
evaluate the results quantitatively it is necessary to
know E; and pu, and also the eigenfunctions (i};) for
the crystal field states. These quantities can be
determined by straightforward calculational
methods which are described very briefly in the next
section. Thus, in principle it is possible to make
ab initio calculations of C. and y; in practice they
can be computed with useful precision only in
parametrical form (with 1, 2, or 3 disposable
parameters involved) because the quantities <{r")
with n =2, 4, and 6 enter into the calculations and
these expectation values for the f electrons are not
known with sufficient precision to warrant direct
calculation of macroscopic properties. One must
instead be satisfield to show (6, 7, 9, 10) that with
reasonable values of the parameters a proper
accounting can be made for the temperature
dependence of C. andjor yx. Any ‘“‘comparison”
between theory and experiment then reduces to a
process of evaluatine the disposable parameters

LLTss L LVAILQLINp UL RKRIepLsalll paliglliuivis,

from which can be obtalned such important
information as the overall splitting (E,) and other
details of the CF spectrum, the relative importance
of different order terms in the perturbing potential,
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etc.—information which is of

significance.

As a result of work extending over the preceding
three decades adequate information is available
(2,8, 11, 12), to permit the analysis alluded to in the

previous paragraph to be made for crystals of cubic

symmetry. There is no correspondingly com-
prehensive treatment for crystalline systems of
hexagonal symmetry, although a number of special
cases have been solved (3, 6, 13-15"). Most of the

early work pertained to chlorides and the trrethy!

sulfates in which the second order interaction is

! This monograph gives very extensive references to the
pertinent literature (pp. 352-385).
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important. More recent work from this laboratory
has been concerned with metallic systems involving
Pr—elemental Pr and PrAl,. These analyses have

renresented steng toward providine the much needed
hed vtvpo hall g it~

iei 1w

general information for hexagonal systems. The
present work is an extension to include all other
J values, but, as will be noted below, is restricted to

crystals whose axial ratios are ideal. The treatment

will ha avtandad latar to inclide the affect of an
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applied magnetic field (Il in the series) and the
influence of deviation from the ideal axial ratio
so that the second-order term becomes important
(III in the series)

In Section II very brief ueSCfi‘phO‘ﬁS are grven of
the Hamiltonian employed and the mode of calcula-
tion. Results are presented in Section III together
with some comments about possible errors which
arise out of the approximate nature of the Hamilton-

ian.

II. General Description of the Calculations
A Tha uom;lt 1

43 L3IV Alailll

The most general Hamiltonian for a hexagonal
crystal field contains four independent parameters.
Following the notation described by Hutchings
(16) it can be written
% = B20 020 + B40 040 + B60 060 + B66 066. (3)
To date very few calculations have been made using
this complete and complex Hamiltonian. If con-
sideration is limited to crystals with the ideal axial
ratio (i.e., c/a=2v2/3=1.63), the second-order
term vanishes. The Hamiltonian can be further
simplified by making use of the result B¢?/B¢® = % =
0.1035 obtained if the point charge model applies.

0 6
H# =B,L0, + B (0O + 5 Ogd). @
Calculations were made using this simplified

Hamiltonian. Clearly these calculations can be
regarded as significant only if the simplified
Hamiltonian can be justified. It is appropriate to
examine this point in some detail.

First, consider the axial ratio limitation. Are there
materials of interest with ideal or nearly ideal
(viz., B, very small) axial ratios ? The answer to this
question is yes. Elemental Pr (c/a=1.61) is an
example it was recently analyzed (3, 70) on the basis
of B, =0 and excellent agreement with experiment
was achieved. Other hexagonal elements and inter-
compounds with axial ratios which are ideal or
nearly so: Ce, 1.62; Nd, 1.612; ErMn,, 1.63;
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TmMn,, 1.63; DyOs,, 1.61; ErOs,, 1.65, etc. There
are thus sufficient crystals known to warrant under-
taking calculations with c/a restricted to the ideal
values.

Next, consider the use of the assumed ratio for
B¢°/BsS. Calculations (17) show that this ratio is
relatively insensitive to the positions of the sur-
rounding ions so that small deviations in c¢/a from
1.63 are insignificant. This ratio is also insensitive to
the model used in the calculations. The point charge
model values are not too different from the values
computed from the more general ionic model (17)
which takes into account in addition to the point
charges higher induced moments of the surrounding
ions. Experiment reveals that this ratio is also
relatively insensitive to the particular rare-earth ion
and/or the nature of the substance involved. For
example, assuming B¢%/B¢® = 0.1035 led (6, 10) to a
proper analysis of the magnetic and thermal
properties of Pr and PrAl;. In addition analysis of
results for nine rare-earth trichlorides, whose
structures differ markedly from those of Pr and
PrAl,, leads (/8) to a ratio 0.100 and which is more-
over constant to 39 over the entire group of rare-
earth halides. Thus there is experimental support
for the assumed relationship between B¢’ and B®.
Nevertheless the possibility exists that B°/B¢® may
deviate from 0.1035 by 109, or more. To ascertain
the effect of such variations some of the calculations
were repeated with the ratio differing from 0.1035
by 10 or 209,. The influence of this variation, which
was minor, will be discussed more fully in the
following section.

B. The Energies, Eigenfunctions, and Magnetic
Moments

If the crystal field interaction (E,) is weak com-
pared to the spin-orbit coupling energy, eigen-
functions for the crystal field states I'; can be
expressed as linear combinations of eigenfunctions
for the free ion associated with various M values,
[M>=|LSIM>:

J
[I'y= 3 | M. 5
M=—J

Given the Hamiltonian, the Operator Equivalent
method developed by Stevens (/9) can be employed
in a straightforward way to establish the eigenvalues
and eigenfunctions [i.e., to evaluate numerically
the a;’s in Eq. (5)]. A thorough discussion of the
Operator Equivalent method has been given by
Hutchings (/6). Further information regarding
details of the technique involved in making the
present calculations may be found elsewhere (20).
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TABLE 1

NOMENCLATURE USED IN EIGENFUNCTION DESIGNATION

Terms Appearing in

Eigenfunction Dominant Term

(See Eq. 5 in Text) J=2n Designation

|03, |6, |~6> 0> 0
|21, |£5, |£7> |£1> a
[£25, |£4>, [+8> 42> b
[+3>, -3 [£3> c
|£25, |+4>, |+8; |+4> d
£, |45, 14T EN e

10>, |+6>, | -6 |£6> f
[+£1D, |£5), |£7 |£7> g
[£2), |+4), [£8> [+£8> h

J=2n+1

[£1/2, |+£11/2), |+13/2> [£1/2) a
[43/2, |£9/2>, |+15/2> |£3/2; b
1£5/2), [£7/2> [£5/2> c
|£5/2>, |+7/2> [+£7/2> d
[£3/2), |49/2>, |+£15/2 |£9/2; e
[£1/2, [£11/2), |£13/2) [+£11/2) f
|£1/2>, |=11/2, [£13/2> |£13/2> g
|£3/2), |29/2>, |£15/2> |+15/2> h

To facilitate discussion and presentation of data
the nomenclature presented in Table 1 is adopted.

C. Magnetic Moments of the Crystal Field States

To facilitate the calculation of magnetic proper-
ties, the magnetic moment has been computed for
each of the crystal field states. Moments parallel
and perpendicular to the hexagonal axis are denoted
p, and p,, respectively. The magnetic moment p
is given by the fundamental expression

=T (ol T ©

where u,, =gJ. From (6) one obtains for u, the
expression

1< ,
Mo :j Z May N
M=J

p, vanishes unless Jis nonintegral and I'; contains

terms corresponding to AM =+ 1. Under these

circumstances p, may exceed x,. In general
1 .

p= 5T T ®)

and the contributions to u, come from the cross

terms in I corresponding to AM = + 1. The matrix

elements involved in Eq. (8) are given by the
expressions

MITIM+1>=12VJ=M)J+ M+ 1) (9a)
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and Also for the levels a, £, and g for J=15/2, which
(M| M—=1>=12VT+ M){J — M + 1), (9b) involve the cross terms M =+ 11/2 and + 13/2,
For the special case that I'; = |+ 1/2) po=4/152a} n + V7ay pays)) (11)
L ag ¢ .
b gy 1D b= Vi L (12)
TABLE 2

ENERGIES, EIGENFUNCTIONS, AND MAGNETIC MOMENTS

”
(:;g)—-zr’lrfslz\g.let)+rz (singlet) + I's (singlet) + |r3>;|39)=%[| "3 +1323; pz0 for xmti
s (singlet) + 3 I's (doublet) + 3 Iy(doublet)
x E
) = 10) =06 -6)+0,10) + 0|6, a2 > 20%° 2 om
Energy 1f linear with x
S =0 x E ., 2% 'o 208.5
1.0 e 1.000 0.000 -
- 227 9% - o IF‘)E|3°)=—|—[|‘3)'I3)]; p=0 for xw e
-6 204 93 - .086 \/—2: .
- ~188 9T - 169 a .
-2 ~184% 907 - 298 R -o25 Energy 1s linear with x
:;o ~2:k :: : :; * o x =41 T, ant T, convergs to & dowblet whose eigenfunctions are 13>
and the associsted moment 1a 0.375.
ok 47 957 - .20%
0.6 09 991 - 095 ITg) = ld)=a, |;4> +0, [£2) +ag |*8>’°i>°:' °:
0.8 179 9% - .035 . . u © . -
.0 2168 0.500 0.000 1.000 0.000
0.8 1’2 0.4g5 0.086 0.99% 0.003
0.6 160 [R'7:3 0.188 0.982 0.005
0.4 15 ok .0.30 0.954 0.016
-0.2 16 0.311 0.410 0.911 X
0.0 193 0.288  0.506 0.853 cazr
]re)a|0)=q5|$5)+u||tl)+q.,|g7),af )u:,u.z, 0.2 133 0@ 0.535 o1 0.3
0.k ko 0.229  -0.600 0.19%9 0.033
: E * g * R 0.6 6 o9 -0.309 0.9 0.009
3.0 w17 0.125 1.000 0.000 0.000 0.8 m oM -0.106 0,95 0.00L
-0.8 1R 0.123 0.958 ~0.048 =0.041
0.6 -170 0,127 0.988 -0.104 =0.117
0.k 157 0.164 0.9k2 -0.176 -0.281 |I‘e>!|e>=05|¥5>+0'|ti) +°1'=7> ,°:>
0.2 -163 0.315 0.7% <0.213 <0.616 a 2 a 2
0.0 -104 0.211 0.8 0.5 0.5% 1+ 7
0.2 - %0 o112 0.611 -0.658 0,342 _‘ E " b L] &5
0.k 6 0.024 0.913 0,388 0.227 1.0 #73  0.65 0.000 1.000 0.000
0.6 204 o.112 0.965 0.185 0.082 0.8 2312 0.6 0.045 0.999 0.002
0.8 158 0,124 0.9 0.052 0.035 0.6 % 0.616 0,106 0.99% 0.010
0.4 159 0.597 0.190 0.980 6.024
0.2 11 0.552 0.305 0,951 0.046
0.0 112 0.k67 R 0.092 0.0T4
0.2 66 0.273 0.666 0.738 0.1k
0.4 -2  0.458 -0.355 0.509 -0.220
0.6 -1 0.575 0,165 0.976 0.1k0
0.8 ~206 0.623 ~0.052 0.999 0.005
i1y 231032 00l 8)s0gl32) 0alea) 00> a3 IT,Y'¢ >+ 06 1-63 + %0 [0 + 36 163, 203 >aZ,
x E u - “ LY p=0for x #1 o %
.0 z:u; 0.2% 1.000 ©0.000 0,000 #.0 273
-0.8 - 97 0.248 0.996 -0.086 0,026 -0.8 204 0,0L8 0.700
.6 -1 0.23% 0.978 -0.187 0.089 0.6 18 0.221 0.702
0.k -6 0.310 0.813 -0.270 0.483 0.4 18 0.239 6.687
0.2 - 65 0.169 0.895 -0.32 -0.212 -0.2 30 0.1 0.641
0.0 - 64 0.077 0.862 ~0.4g4 0,115 0.0 6 0.632 0.548
0.2 - b3 0.027 0.788 =0.612 -0.070 0.2 -m -0.548 0.591
0.4 a1 0.013 0,794 0.500 -0.09% 0.4 =175 -0.290 0.677
0.6 86 0.180 0.5%0 0.309 0,049 0.6 -201 0,134 0.701

0.6 =8 0.2k 0.99% 0,206 -0.021 0.8 -235 «0.050 0.706
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TABLE 2—continyed

=0 for x #x1

Energy 18 linear with x

“men x = 21, Tj a2 T, comverue to a aoubiet whose eigenfunctions are

| 46 ) and the sssccisted woment 1s 0.75.

IT,>21g> =ag | ¥8) +a [t1y+a,]£7), 07 >af,a

x E u 8 as 8
3.0 191 0.875 0.000 0.000 1.000
-0.8 39 0.874 0.040 0.004 0.999
-0.6 -1 0.864 0.6 -0.ce2 0.993
0. .57 0.808 0.278 -0.077 0.9%8
-0.2 -90 0,552 0.576 -0.223 ©.787
0.0 g7 0.63 -0.507 -0.184 0.842
0.2 ~166 0.760 -0.327 0.152 0.933
0.4 ~1kk 0,808 ~0.201 0.156 .97
0.6 ~23 0.838 -0.058 -0.152 0.587
0.8 ~107 0.87% -0.035 -0,007 0.999

[T,z |h)=ag|¥8)+ 2| F2)+0q(24) o} >02,a3

* B ® ] 2, 3
.0 3364 1.000 .00 0.000 1.000
0.8 =271 1.000 ~0.026 0.001 1.c00
-0.6 -178 0.954 -0.088 0.022 0.99%
<.k -9 0.812 ~0.464 0.131 0.876
-0.2 1 0.953 0.176 -0.127 0.97%
0.0 105 0.957 0.035 -0.167 0.985
0.2 162 0.806 0,305 0.288 €.53
0.l 209 0,992 0,096 0.032 0.995
0.6 260 0.98 0.0kg 0.007 ¢.999
0.8 312 1.000 0.021 €.y 1.c00

J=15/2 —= 3T, (doublet ) + 2 [, (doublet ) +3 I,

(Dy3, Er'3) (doublet)
lu):u,_z,_lxlzi)H:L $%>+a£(t%)'af_>ui,
2 2 2 2 H
X £ ull B » e "ue upe
Lo T189 0,057 0.533 0,538 1.000 0,000 0.000
-0.8 -167 0.067 0.533 0.5%7 0.999 -0.032 -0.033
-0.6 -1by 0.066 0.531 0.535 0.9%2 -0.082 -0.093
-0.4 -13 0.083 0.519 0.526 0.963 -0,161 -0.21%
-0.2 -127 0.187 0.466 0.50 0.843 -0.262 -0.168
[ - 8y 0.157 0.120 0.198 -0.509  -0.560 0.655
0.2 8 0.064 0.467 0.471 0.865 0,455 0.209
R} 41 0.0L8 0.520 0.523 0.968 0.208 0.142
0.6 & 0.065 0.531 0.535 0.993 0,092 0.016
0.8 137 0.067 0.533 a.58 0.999 0.034 0.031

2
5

)= b)=0g [x3)+a5 |t 3540, ¢ '—251>,a3z>a:,a,:
2 2 2 T 2 2
X £ u A% -g_ n.%
a.0 129 0.200 1.000 0.000 0.000
-0.8 -109 0.193 0.998 ~0.049 0.0371
0.6 -5 0.206 0.983 -0.117 G, 3
-0.4 - 8L 6.477 -0.775 Q.12 0.61a
-0.2 . 69 0.145 0.923 -0.329 -0,198
0.0 - 66 0.025 0.868  -0.kB3 -0.117
0.2 - 50 ©.186 0.714  -0.698 -0.065
0.4 53 0.087 0.916 ©0.389 -0.202
0.6 72 0.182 0.985 0.163 -0.059
0.8 99 0.198 0.99% 0.056 EN. 14
[Ry=ley=0q (s Ly+a, (£5),05 >0 "
2 H 2z
x E Y “it B e 57/2
.0 ¥y 0,333 0.333 o 1.000  0.000 0.k67 o0M6T Ao
-0.8 -2 0.3k  9.318 0,138 0.920 -N.ihu o.k&V o7 100
0.6 -5 0.38% 0.264  -0,279 0.955 -0.295 0.485 0,397 105
-0 -5 0.427 0,183 0386 0.901 -0.433 0.317 0.899 115
-0.2 -8 0.559 0,103 -0.L48 0.8k -0.536 0.2% 0.506 129
9 -5 Q479 0.038  -0.477  0.79% -C.608 0.171 9,507 W7
0.2 =17 Q.35 0.039 <0493  0.732 -0.681 0.095 0.5 101
XY 72 2.k30 9,034 0.L73 070 0.611 0,168  0.50 24
G.6 b5 0,417 0.205 0.363 0.1 G.koo 0338 0496 - 39
0.8 30 0351 N.312 065 0.9%  MRL 2.k 0473 - 66
x R s
'I},)EId)=ﬂz (E3 %>'°g B3 _g_>'072 >as
2 2 2 2
Ig)=ley=as 343> +a3 15 3>+ 052 3D 05" >0 00 ¥
2 z z z F
< E B al ni 9\;_2
Z z ]
3l.0 o 0.600Q 0.600 1.000 0.0C0
.8 173 0,598 0.049 0.999 0,006
£.6 183 0.533 0.8 0.993 2.003
20,4 125 0.563 0.214 0.977 0.012
0.2 108 Q.502 0.3k 0.938 0.04%
2.0 100 ©.305 0.496 0.83 c.247
0.2 60 0.169 0.675 0,709 -0.205
0.l £3 0.478 -0.385 0.521 0.020
0.6 -102 0.575 -0.163 0.981 0.004
0.8 -150 0.598 -0.056 0.99%8 7.001

351

0.2
0.4
a.6
0.8

221 Q.7133
0.732

119 0.728
a.707

0.62%

0.380

-9 0294
<121 0,458
<150 0725
~185 0.732

0.0
0.012
0,041
0.126
0.299

-0.221

0.270
Q.025

0.003

.00
2.032
0.083

0.173
0.34%
c.612
-0.317
0.2u7
-0.085
-0.034
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TABLE 2—continued

Iry=lod=oulzgive [ 4 vasle Bral >o2, 0,

7 ° 2 18 I[‘a)-|b)-02|;2)+0‘|t4),az>u‘z
x B “ 1 | ¥, » '1/2 'u/z .13','1
x E "y ‘2 LY
10 2ol 0.867 0 0.867 0.000  0.000 1.0m a0 o 033 1.000 0.000  0.667 %6
0.8 50 0.866  -0.02 0.866 0.033  -0.003 0.99 ~0.8 -50 0.36 0.996 0,084 0.660 ks
-0.6 9 0859 ~0.009 0859  0.091 -0.08  0.9% 0.6  -1.0 0.8 0.975 0.22  0.618 64
0.4 -29 o.824  -0.027 0.625 0.206 0,072 0.976 ~0.k -12 0.ahby 0,903 0.k29  o.k83 53
-0.2 - 0.637  +0.059 0.6%0 o412 -0.24 0.678 0.2 -8.1 o.M 0.768 0.6 0.25 9
o " 023 0.355  0.552  -0.604  0.X7  0.135 0.0 50.8  0.069 0.773 0.63% 0.2k 21
0.2 125 0,558 0,287 ol -0.397 0.345 0.855 0.2 3%.0 0.084 0.867 0.499 0.7 -2
o.% -108 0.610  -0.25T 0.662 -0.089 -0.39 0.916 0.k 25,2 0.219 0.9 038 0.5 A1
0.6 -1  0.860 -0.022  0.861 -0.07s  -0.055  0.997 0.6 8.1 o.297 0.982 0.190  0.631 -5
0.8 - 9% 0,866 ) ~0.002 0,866  -0.030  -0.003 0.99 0.8 13.8 0,327 0.997 0.079 0.661 %
- = x o . [ E
= R +3 1 2, 2,2
I>=In> t!gz_liF2>+a%|—2>+a%|ti>,t1|_;_>a%.c\-9§ Iy 1d)=0, |5 4)-0, 42y, 02507
x E M A% ng u% . . 1
] |I‘s>E|3>"ﬁE|'3>+|3>]"" 0 for x #+1
n.0 273 3.000 0,000 0,000 1.000
0.8 206 0.999 -0.037 0,001 0.99% x E
0.6 -139 o.séa -0.14k4 0.0k 0.9%0 n 54
o4 -8 0.8 oStk -0.1%9 0.7 o grg TE 1o iness vith x
-0.2 [ 0.958 0.171 -0.109 0.979
0.0 65 0.881 -0.022 -0.273 0,962 |1"4)"s |3°>="7;= C{-3)-13)1,4=0 for x #%1
0.2 109 0.955 0.189 0.103 0.977 N E
ok pLT) 0.991 0.102 0.022 0.995 n s
0.6 1%0 0.597 0.059 0,006 0.998 R b5 Energy is linear with x
0.8 23 0.999 0.027 0.001 1.000 “Unen x = £l PS and r‘ converge to a doublet vhose eigenfuncticas sre |13)

and the associated moment is 0.50.

J=6-2T, (singlet}+ T, (singlet}+ Iy (singlet) +Ty (singlet)

* : .
L) zlf)=agl-6) +3 107 + 2,42
(TB**, Tm®*)  +2T,(doublet) + 2 Tg(doublet) I6)=1f)=0s-6) +2s10) +ag l6), 205 >0,

p=0 for x # £ 1

2 2
In)=10)=0¢|-6) +a5|0) +ag16):05 >2a5 w=0 * . " .
F1 399
x E s a
o s
H.0 86 1.000 0,000 -0.8 -1 0.690 0.512
+1.| . . :
.6 & X R
-0.8 -18 0.725 -0.u87 - 7 0.383 0.653
-0.6 -0 0.924 -0.270 -0 -22 0.319 0.670
0.4 -62 0.948 -0.225 -0.2 3 0.293 0.676
0.2 54 0.95 -0.207 0.0 28 0.279 0.619
0.0 46 0.560 -0.198 0.2 L2 0.267 0.682
0.2 20 0.964 -0.189 o.b 56 0.248 0.685
.6 g .
0. 7 0.969 ©.175 ° ™ 0217 0.6%
0.8 By . X
0.6 33 0.976 -0.153 0.155 0.699
0.8 59 0.983 -0.110

* 1
IT,) =|6°)===L[]-6)-16)1;#=0forx # 1
(5= a)=05(F5)+0,(£1),af >0, 2 V2

x E " s o x E

n.o U 0.167 1.000  0.000 0.833 +66 e %9 Inergy 1a Linsar vith x
0.8 =55 0.164 0.999  -0.053 0.831 L2 o

0.6 8 0.242 0.988  -0.15T 0.809 19 %hen x = 31, I; and 1"z comverge to a doublet Vhose eigenfunctions are |te)
oh ™ 0.019 0.3 -0.385 0.685 Co and the sssociste moment 1s 1.00.

0.2 -9 0.309 o.T24 0.690 0.357 -1

0.0 -6 0.055 0.882 0.471 0.612 -9

0.2 13 0.062 0.9 0.323 0.729 £b

(R a7 0.126 0.980 0.201 0.793 £3

0.6 » 0.154 0.9%%  oau 0.821 -63

0.8 47 0.165 0.999 0.047 0,831 64

x s a u ]

G = le)=a,[¥5)-a,[£1),a5 >a}
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TABLE 2—continued

J =3 —~T; (doublet)+2 Ty (doublet) + 2 T; (doublet )
(Nd3*)

Irwla) = jt1/2)

uy =oan Wy - 0.55% u = 0.57
x E
i 5.2
I is linear with x
] -16
- 3 9 2 2
Ir)=lb) =05 |7-5>+ 9 |2 5D 05> ay
2 2 2 2
x E u a
T3
3.0 k2 0333 1,00 0.000 1.000 25.2
2.8 0.6  0.309 0.991  0.1% 0.975 <19.3
0.6 3.8 0.220 0.9% 0.2% 0.887 -14.3
0.k 9.2 ©0.081  0.90 0.35 0.748 -10.1
~0.2 15.3  o.062 0.839  0.5uk 0.605 - 68
0.0 220 0aT9 0.785  0.620 0,488 -4o
0.2 202 o3k 0717 0.697 0.353 0.1
0.4 3 013 0807 -0.591 0.535 19.2
0.6 5.3 0.kl 0.%5 ~0.3% 0.808 19.6
0.8 5.4 0.310 0,988 -0.15% 0.968 21.8
x D : " (]
: 3

In,y=led =0y 173 )-a

nl
N

z‘
Igd=1c) =05 155 +a, [t LDr03) o}
2 2 2 2

x I3 § My My IE L

2
3.0 4238 0.556 0.5% 0  1.000 0,000 0.718 0.778
-0.8  25.7 0,43k o.7 0,L18 0.819 0,576 0.339 0.5%8
-0.6 25.9 0.484 0.3 0.3 0904 0428 ©0.533 0.633
-0k 264 0476  0.353  0.319 0.921 0.3% 0.573 0.638
0.2  26.9 0.481 0.3711 0.307 0.928 0,372 0.593 0.668
0.0 21.5 0.485 0.380 0.300 0.9% 0.3%63 0.603 0.6713
0.2 7.1 0.488 0.389 0.29% 0.93% 0.353 0.612 0.618
0.k 6.6 0.493 0.403 0.283 0.9%1 0.338 0.623 0.686
0.6 -3.8 0.501 o.4z7 0.263 0.9% 0.3 0.6 0.700
0.8 - 0.519 0.b73 0.21% 0.969 0.249 0.695 ©.728

x “Hy t; 52 u" [
2

Ig>=ld) =0, [3L) -og [£3) a2 Yol
Z 2 2 2

430.8
11.5
6.0
-5.8
-17.6
-29.5
-29.6
~29.7
-29.8
-30.0

J=4—T, (singlet ) + I {singlet) + [ (singlet)

3+

(P, pm*") +2 [ (doublet) + I {doublet}

In>=1lo)=1{0) G=1la)=|ty1)
R u e 025

E is e linear function of x E is & linear function of x

x E x %
s 28 B3 9
0 -20 ] 1
IT,) ™ lb) =a, %2> +a, 1£4) a2 >a2
* E K ‘2 s
.0 £#11.0  0.500 .1.000  0.000 1.000 UR]
-0.6 13.6 0418 0.993 0,12} 0.918 -10.8
0.6 16.8 0.k o.9m  0.239 0.914 - 8.2
~0.b 20.8 0.3k 0.9%0 0,342 0.824 - 6.4
~0.2 25.3 0.230 0.906 0.4k 0.730 - %1
0.0 30.12 0.5  0.873 0.487 0.648 -k
0.2 23.3 0.031  0.629 0.559 0.531 -19
0.4 17.1 0.216 0.723 0.691 0.208% - 0.3
0.6 ~0.9  0.168 0.8 -0.q 0.668 13
0.8 - 4.9 0.457  0.985  -0.170 0.957 2.5
= .'0 Az m L
|I‘5)'|d)-04|¥4>- -a, |x2) ,u:> 022

Ing Y= 3 =L tl-3) + (33,6 =0 ror x #31

'
3 E
Y 21
. Energy 1a linear vith x
[} 2.25

I, = |3%) -7_‘2—E -3 - 13)7; £ =0 for x #¢1

x
a
o

F
Energy is lincar witb x
-3%.25

wnen x =41 I3 am n converge to & Qoublet whose eigentunction. arn |4 3)
and ‘the associated memnt i 0.75.

J =L —T,(doublet ) +2T, (doublet) + T, (doublet)
(vp**)

In)=lo)=]t3>

Wy =03 uy =05 W = 0.589
x E
2 b
E ia & lincar function of x
] -5

3
IGY=1b)=1t3)
B =0,k29

32

E is & linesr function of x
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TABLE 2—continued
,r>E'C>=° I;g +a +1 2542
8 .52 2) % I+ 5 >. ¢J3 al
2 2
E » iy ®, o, am
Fl.0 3.0 071k 0TI ° 1.000 0.000 1.000 1.000 .0
0.9 9.5 0.702 0.698 0.073 0.995 0.057 0.98% 0.981 5.5
¥ 6.6 0.62 0.5% 0.1% 0.9%3 0.265 C.876 0.8 .46
-0.4 L9 o0.416 0.243 0.33 0.851 0.5k 0.529 0.6 -9
0.2 -6.8 0.3 008 0.7 0.5 0.682 0,202 0.4k28 L.8
o -9.5 0395 0.18 -6.345 9.831 0956 Qbye 0585 5.9
0.2 -%3 ok% o057 0.502 0.835 -0.uké 0.660 0.725 .1
o.h -97 0,588 o0.542 -0.227 0.5 -0.317 0.88 0.858 L9
0.6 -10.%  0.665 0852  _o.1k2  0.982  -0.10) 0.93 0.8 5.2
0.8 -11.5 0705 0.702 -0.063 0.596 -0.08% 0.988 0.990 5.9
x "y 17/2 HS/Z NH » E
- 7 5 2 2
IQ)E 'd>—°_;|7F§)—ug IiE),ul)us
H 2 3
5 )
= 5 — T, (doublet ) + T, (doublet) + T, (doublet )
(Ce3*,sm®*)
No sixth order influence X=+| X==1
N 1
ll-‘7>'I°> =|i§)
[ =0.2 by = 0.6 n = 0,632 E=+2 -2
Ind=lbd=1s3s2)
by =0.6 [ =0 €=-3 +3
InYy=lc)=|25/2)
uy =t w, =0 E=+1 -1
1 .3
-
— =
efo I s
—&
3 1
—t3 5

Explanation of Symbols in Table

X is a parameter giving the relative importance of the fourth- and sixth-order terms. E is the energy in
units of the parameter W. (For definitions of x and W see Eq. 13.) a, are the normalized coefficients in the

eigenfunction |I') = 37, a; [M). 1

"
“an=—J il | |t

and p, are magnetic momentq (divided by gJ pp) along directions

parallel and perpendicular to the c axis, respectively. p = vV, > + p %

The table has been constructed for the group Dy

(= 622). Concerning the number of terms and their

degeneracies this table is also valid for other hexagonal point groups (23).

The moments given in Egs. (7), (8), (10), (11), and

(12) and in Table 2 are reduced moments. To obtain
the moment in Bohr magnetons per ion the reduced
moment is multiplied by gJ.

D. Other Details

For calculations the Hamiltonian was used in the
form

H = W[ +(1—| ) ] (13)
04 = 040, 06 = 060 + 181066, F4 = 60 and FG - 1260

for J=9/2,
and 13860 for J=15/2 and 8. The parameter
|x] <1 gives the relative importance of the fourth
and sixth degree.

B4 F4 = Wx, B6F6 = W(l - lxl). (14)

The point charge model coefficients B, and Bg are
the sums

ﬁ( S ZR (35cos* 6, — 30cos? 6, + 3)
15)
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(Ho) J=8 Hexagonal
T T T T T T T T Tt T 17 1T 1 1 1T 117 T
-B a, a.
N
L e
‘/
300 hs 4

200

100

Energy, W
o

-100

200

-300

IS S TR N S T TN S N WY T |

70 -08 -06 -04 -0z 2 02z 04 06 08 10
F1G. 1. Energy levels and eigenfunctions of an ion, with a
total angular momentum. J = 8, as a function of the mixing
parameter x.
——— The eigenfunctions of the level do not depend on x.
- - -- Theeigenfunctions are over 80 ¢/ of the eigenfunctions
indicated at x = + 1.
- —~— The eigenfunctions are less than 809 of the eigen-
functions as indicated.
The energy scale is in units of . When W > 0 the order of the
levels is as shown. If W < 0, the order of the levels is inverted.

and
—e? P
Bo = 356" Z R/
% (231 cos® 6, — 315¢cos* 6; + 105¢co0s? 8, — 5).
(16)
In these equations the origin is the center of the
magnetic ion. R; is the distance of the jth ion from
the magnetic ion, and 8, is measured from the z axis,
taken in this case to be the hexagonal axis. 8 and y

are the Stevens (8, 18) multiplicative factors. e2 =
1.67097(4)°K A.

355

If the summation is carried out only over the
twelve nearest and the six next nearest neighboring
ions, one obtains for the 43 structure (simple cph)
with ideal axial ratio (/0):

2

B, ——0.51560 fcr, 25 (17)
and
2
= 0.263467 y<r®> Za—‘i (18)

assuming all ions have the same charge Z. The
lattice constant is denoted by a.

The matrix of Eq. (5) was established using the
matrix elements of the equivalent operators
tabulated by Hutchings (/6). Diagonalization was
effected by methods which have been described in
detail elsewhere (5, 6, 20).

III. Results and Discussion

Results are summarized in Table 2 and in Figs.
1-15. In the diagrams of the energy levels the nature
of the eigenfunctions is indicated. For x = + 1 the
eigenfunctions are written beside the level. When the
eigenfunctions of the level do not depend on x, a
solid line follows the level. When the eigenfunctions
change as a function of x, the line is broken. If the
eigenfunctions are 809 or more of that which is
indicated for x = + 1 the dashes are short and dense.
When the eigenfunctions are less than 809, the
dashes are long.

In Figs. 1-15, it is noted that the levels for x = |
are the inverse of those for x = —1. Thus a level with
x =~1 with certain eigenfunctions must reach at
x=1 a level with identical eigenfunctions For
example, in the diagram for J = 47 the level lettered
“a” whose eigenfunctions for x=~1 are |+ 1/2>
must reach the level whose eigenfunctions are
|+ 1/2> at x =1. In following, the levels one keeps
to the level which contains more than 509, of the
original eigenfunctions. To keep this principle it is
necessary to jump from one representation to
another which has the same symmetry properties
In the example for J == 15/2 the level “a” jumps at
x=-0.03 from E=-141W to E=-84W and
continues as the level lettered “g” (originally
|+ 135). At x = 0.06 the level “a” jumps once more,
from E=-88W to E=2W, and continues as the
level lettered /" (originally |4+ L2>). In some cases,
when a partlcular representatlon occurs three times
(only for J=42 and 8) in the neighborhood of a

“jumping pomt” the three components of the eigen-
functions are less than 509 for each component. In
such a case we follow the largest component.
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F1G. 2. Permanent (parallel) magnetic moments of the levels in Fig. 1. The two eigenfunctions of the doublet levels have
equal and opposite magnetic moments; in the figure only the positive component is shown. (Notice the nonlinear scale of x.)
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F1G. 3. Data corresponding to that in Fig. 1 for ion withJ = 15/2.
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(Dy, Er) J=15/2 Hexogonal

-Bs Be . By
I T T T T T T T T ] T T T T T T T T f l
1.0} Tgi5/2—1 +15/2 T
r,xI3/2 £13/21,
€ 0.8} B
L
£ Lr‘,z|l/2~ _xl/2Ty
= 4
©
2 06}Fl929/2 —+9/2 Ty
o
k] r,x12 11/2 T,
3 |rerm2—4—" ‘ 3 " 1Ir —27/2Ts
(-]
" 04 <
EY
lgt5/2 +5/2 Ty
0.2{-To£3/2 +3/2 [

1 [ 1

|
-0 -05 0 0.5 1.0

FiG. 4. Total permanent magnetic moment (u) of the levels of Fig. 3.

(Dy, Er) J=15/2 Hexagonal

£13/2 Ty

.

52 T,

0.8

0.6

04

u 02

0.2

-04

) U Y S WA NN TR TS TN GHUAN AN NS NS TN TR [N NP VA T S |
-0 0.5 ¢] 0.5 Lo
X

FiG. 5. Permanent parallel (u,) and perpendicular (u,) magnetic moments of the levels of Fig. 3. The two eigenfunctions of
a doublet level have one perpendicular component and two parallel components. The two parallel components have equal
and opposite magnetic moments. In the figure only the positive component of the parallel moments is shown. The levels ¢
and 4 have equal and opposite perpendicular magnetic moments. In the figure only the positive part is shown.
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(Tb, Tm)

SEGAL AND WALLACE

J=6 Hexagonal

LAUNLINS S R AR H BB R

100

80

60

40

-a0f

-60}F

~l00L1%€2 SRR T T T S T

B

(3

T T T T T

TN N T T WY N T T

-0 -08 -06 -04 02

[¢]
X

02 04 06 08

FIG. 6. Data corresponding to that in Fig. 1 for ion with J = 6.

Consider the eigenfunctions of the level “a” at
x = 0 which is close to two “‘jumping points.” In this
case between the two “jumping points” the eigen-
functions are [a) =0.653 |4+%43>—0.509 |+ 1/2)
—0.560 |+ 4Ly, This level is lettered “a”, which
originally was |+ 1/2> because the other two levels
(g,f) of the same symetry (I';) are well defined at
x =0, which means that these levels (f,g) at x=0
have more than 509 the |+ 11> and |+ 13> compo-
nents respectively. |f>=0.769 |+ 414 0.612
[£4>+0.182 [+13. |g>=0.735 [+12) —0.604
[+ 4> +0.307 |+ 4.

This procedure is somewhat complicated but it
provides useful information about the eigenfunc-
tions of the level merely by looking at the diagrams.

Only for precise knowledge or calculations must one
go to the tables.

As noted earlier, the calculations are based on the
assumption that B,%/B.®=8/77, a ratio which is
found experimentally within 10 to 209 for a large
number of rare-earth compounds. Some calculations
were made with this ratio varying by 10 and 209/.
The differences (Figs. 16-19) produced are minor;
the order of levels is unchanged and their spacings
are only trivially affected. Hence the effect in using
the approximate Hamiltonian, instead of the exact
one involving the B¢, B,® ratio appropriate to the
particular compound under investigation, will be to
obtain slightly different values for the parameters W
and x when the theoretical results obtained in
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Fi1G. 7. Data corresponding to that of Fig. 2 for ion with J = 6,
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FiG. 8. Data corresponding to that in Fig. 1 for ion with J = 9/2.
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(Nd) J=9/2 Hexagonal
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F1G. 9. Data corresponding to that in Fig. 4 for ion with J = 9/2.
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Fi16. 10. Data corresponding to that in Fig. 5 for ion with J = 9/2.

parametrical form are compared with experiment.
The W and x parameters will have less intrinsic
significance than would be the case if the exact
Hamiltonian were employed. Notwithstanding this
limitation the present results would seem to be of

very considerable utility in respect to the evaluation
of the influence of the crystal field interaction on the
bulk magnetic and thermal properties of crystals
containing rare-earth ions. Examples of these uses
are to be found in recent publications from this
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F16. 11. Data corresponding to that in Fig. 1 for ion with J = 4.
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Fi1G. 12. Data corresponding to that in Fig. 2 for ion with J = 4.
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J=7/2 (Yb) Hexagonal
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Fi6. 13. Data corresponding to that in Fig. 1 for ion with J = 7/2.
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Fi1G. 14, Data corresponding to that in Fig. 4 for ion with J = 7/2.
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FIG. 15. Data corresponding to that in Fig. 5 for ion with J = 7/2.

FiG. 16. Data corresponding to that in Fig. 8, for different Bs°/B¢¢ values.
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4, Total Magnetic Moment

F1G. 17. Data corresponding to that in Fig. 9, for different B¢°/B,° values.

F1G. 18. Data corresponding to that in Fig. 11 for different B¢?/B¢° values.
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Fic. 19. Data corresponding to that in Fig. 12 for different B,"/B° values.

Laboratory dealing with the susceptibilities and heat
capacity behavior of intermetallic compounds
containing rare-earth elements (4-6, 9, 21, 22).
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